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Abstract--‘rile linear cxtentied kinetic equation for n~onatomic test particles undergoing elnstic 
and inelastic scattering with a background of heavy multilevel field particles is analyzed in t,he Lorentz 
gas limit.. @ 2001 Elsevier Science Ltd. All rights reservd. 
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1. INTRODUCTION 
In linear kinet,ic theory [I], the evolution of a test particle population is driven by the collisions 
undergone with a fixed hackground of field particles. and t)lle test, particle distribution function is 
governed bv a single linear integrodifferential Boltzmann equation. A very famous and important 
l)articular case in this field is the so-called Lorentz gas. which corresponds t,o vanishingly small 
ratio between test, particle and field particle masses. A monoenerget,ic test particle population 
remains monoenergetic under this assumpt,ion. The aim of this note is to account, for noncon- 
servative cncomltcrs I)etwcen particles. besides elastic scattering, by considering, t,o begin with, 
polyatomic field particles 13, wit,11 an arbitrary number :V of internal energy levels E,, ordered 
in an increasing sequence with El = 0. Thc~ background is supposed t,o be in equilibrium at a 
tcmperaturc~ p with zero drift velocity. Densities at diffrrc~nt~ levels i,, are related by the Boltz- 
mann factors ?1, = fi,l exp-E,/‘I<T) = tilq,? i = 1.. , N, where I< is the Boltzmann constant. 
In the Lorcntz gas approximation, the background Maxwellian distribut,ion collapses actually 
to a Dirac clclta function. ‘I’he general interaction of a test l)article A with field particles is 
=l+B, *A+B,. i,j = l,... N. where we may always take ,i > i. and corresponds to inelastic 
scattering for j > i. The dirc>ct transition is described in terms of a microscollic difl’erent,ial 
collision frequency v,~ rind, for j > i: it occurs at tllcl exl,ense of kinetic energy. The collision 
frequency vJI for the inverse collision is related t,o vTj by the microreversibility condition. 
\Vork performed in the frame of the activities sponsored by 1IUItST, by the 1Jnivcrsity of Parma, by the National 
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In this note, we present the main preliminary results on the extended linear kinetic equation. 
The most remarkable feature is that the combined effects of infinite field particle mass and of a 
finite number N > 2 of energy levels generate two different physical situations, according to the 
mutual relationships among the allowed energy jumps, with different results in the two cases. The 
separation is mathematically determined by very simple facts from number theory. Our analysis 
concerns mainly collision invariants, Boltzmanrl inequality, collision equilibria, and a first-order 
Chapman-Enskog expansion, indicating the relevant diffusion approximation in the asymptotic 
limit, when a dimensionless mean free path (Knudsen number) tends to zero. In this respect, 
rigorous results have been already obtained [2] in the simplest case N = 2. It has to be mentioned 
t,hat the present investigation also has bearing on the allied field of semiconductor theory, where 
similar though different inelastic integral terms occur [3], and corresponding asymptotic limits, 
still for N = 2 only, have been derived [4]. 
2. THE EXTENDED LINEAR KINETIC EQUATION 
The evolution problem for the test particle distribution function f(x, v, t) may be cast as in [5] 
in t,erms of the usual streaming operator and of an extended collision integral. The variable v can 
be split as U@ with u = Iv/ and lsll = 1, integrations involve only the angular variable a, extend 
on the urlit sphere S”, and are affected by the unit step function U because of the threshold in 
t,he endothermic interaction. 
We adimensionalize the problem in terms of a typical length L, a typical speed (21CT/7~1)~/~, 
and typical values ?z* and V* for density and collision frequency. It is here assumed that the 
Strouhal number is U(1) [l], and that all collision frequencies are of the same order of magnitude, 
but ot,her situations might be analogously investigated. Scaled space and time variables will be 
denoted by x and t again, and the same for collision frequencies vz3 and densities fi,, whereas 
the scaled energy variable < = rnt?/(2KT) will be used instead of speed. The new distribution 
function 
P((>fi) = FWY 
11=((2h-T)/lrL<)1’Z 
(2.1) 
is essentially the scalar flux of neut,ron transport, with the test particle number density n defined 
by 
71 = 
s 
w” f(v) &v = 
/1 
Ip(<. 0) Q&fl. 
Manipulations single out spontaneously a Knudsen number 
(2.2) 
(2.3) 
which is called c since it will later play the role of a small parameter. The adimensionalized 
kinetic equation takes the singular perturbation form 
where &I includes all explicit space dependence of the right-hand side, and 
(2.4) 
(2.5) 
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with 
Ej - Ei 
Pij = K~ 7 (2.6) 
z$ standing for the total (angle integrated) collision frequency. Jij may be prolonged by conti- 
nuity even to the values of < for which some denominator vanishes in (2.5), due to the fact that 
[-1/2v(<, 0) is essentially the old distribution function f. 
In the i&collision, the test particle may change its kinetic energy only by a fixed amount, fpij. 
We can say that two energies < and Q are in mutual relation when there exist integers Icij, with 
1 5 i < N, i < j 5 N, such that [ = q + cE<1 c,“=,+, kijpij, namely if it is possible for a 
test particle to attain one of the energies by collision starting from the other. It is immediately 
verified that this is an equivalence relation. When trying to construct the equivalence class of an 
arbitrary energy < > 0, one also realizes that two subcases must be considered separately. 
(9 
(ii) 
When at least one of the ratios between the pij (i.e., between the energy jumps Ej - Ei) 
is irrational, then, by a basic theorem from number theory [6], the equivalence class of 
any < is dense in [0, foe). 
When all the ratios above are rational, then it is not difficult to verify that there exist 
a number 6 > 0 and, for any pair (i, j), positive integers l,j, with greatest common 
divisor equal to one, such that Zijpij = 6. If q denotes the least common multiple of the 
numbers lij, upon defining p = b/q and nij = q/lij, one may write pij = nijp, where nij 
are uniquely determined positive integers, whose greatest common divisor equals unity 
again. Finally, since the set of all linear combinations with integer coefficients of the nij 
coincides with Z [6], it is immediately seen that the equivalence class of < is countable, 
given by [[I = (17 E Wf ) 3 k E Z such that 77 = [ + kp}. 
In the latter subcase, upon taking the quotient set, one is left with a finite range [O,p) for the 
variable < and, in such an interval, any equivalence class [[I is closed with respect to collisions 
(and even in t,he whole evolution, due to the lack of external forces), so that the energy variable 
becomes a mere parameter, as already pointed out in the quoted literature. Such a situation is 
clearly a very special and unstable one, even though it appears to be mathematically in order 
when the energy levels Ei are eigenvalues of a standard differential operator. However, even under 
such an idealization, it is obvious that p is a nonincreasing function of N, which, since typically 
the monotonic sequence {Ei} is bounded above, is actually decreasing with N, and tends to zero 
for N + co. Thus, the set [<I again becomes dense in [0, +co) when the approximation of a finite 
number of energy level is relaxed. In addition, occurrence of uncorrelated speeds would also be 
ruled out by a finite mass 751, of field particles. On the other hand, this subcase is, in some respect, 
very interesting, because it is the only one occurring in the numerical applications. Anyway, for 
the sake of generality, both subcases will be considered in the sequel. Notice that in the trivial 
limiting case N = 1, the equivalence class of < would be made up by [ alone, while for N = 2, 
Subcase (ii) is always in order, with p = ~12. 
Borrowing now classical techniques from kinetic theory, it is possible to express collision rates, 
after some algebra, as 
where the molecular property 1c, is a continuous function of its arguments, and J-integration 
ranges from 0 to -too. The global collision rate C[$], involving the whole collision operator J[p], 
follows then via (2.4) and (2.7), and suggests the definition of collision invariant 
1L(E + Pij > fl’) = @(ET fl), V((E,fl,Ck’) E [O,cm) x S2 x S2, Vl L i, j 5 N, i Ij. (2.8) 
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Moreover, the option $(<, a) = <-1/2e~ cp(<, 0) yields at once 
x (( + pij)-weE+Pl, 
[ 
p(( + pij, Cl’) - (-1’2e~ cp((, n)] 2 d< d2fl d2C2', 
and under the obvious standard assumptions of kinetic theory, there results I+‘[~] 5 0. with equal 
sign if and only if all square brackets vanish, i.e., iff <ml/2 c e 9 is a collision invariant. The same 
result could be achieved by taking as argument $J for C any monotonically increasing function 
of <- 1/2 e 4 , t < a), as first observed by Majorana [3] for the similar problem of electron-phonon 
interaction, in the case N = 2. The option 1c, = 10g(<-‘/~e~ 9) would correspond to resorting to 
the relative entropy, as is typical in linear kinetic theory, whereas the standard kinetic cntrop\ 
would follow from the choice $ = logy. 
3. THE TWO DIFFERENT REGIMES 
From definition (2.8), a collision invariant must be angle independent. and must take t,he same 
value at all energies < which are in the same equivalence class. 
Since II, is continuous, $ must be constant in Subcase (i). The space of collision invariants is 
then one dimensional, spanned by $(<, 0) = 1. Only one macroscopic conservatiou equation is 
in order, the continuity equation for test particle number 
(3.1) 
Collision equilibria are defined by J[cp] = 0, V({: a) E [0, +w) x S’, that implies l%‘[p] = 0, 
from which, via (2.9), <-‘/2ec p must be a collision invariant, and such a requirement yields back 
J[p] = 0 in force of (2.7) (detailed balance principle). Thus, <- 1/2ec p must be a constant.. and the 
constant is in one-to-one relationship with n via (2.2). There exists then exactly a one-parameter 
family of equilibria, the Maxwellian distributions 
sharing drift velocity and temperature with the host medium. In order to study effect,s of collisions 
on stability, consider the space homogeneous version, in which 11 is conserved, and t,here is a unique 
equilibrium associated to any initial condition. Introduce the functional 
(3.3) 
Taking time derivative along any solution p = p(t). one get,s Ei[p] = (~0i/~)lV[~]. so that 
fi[(r”] 5 0, with equal sign only at the unique equilibrium %,I[. Besides 
where the first integral on the right-hand side vanishes due to part,icle conservation, and the 
second addend is positive by convexity. Then H is a Lyapunov functional for t,he considered 
evolution problem (H-theorem). Analogous proof would be in order for the relative entropy 
functional, obtained by using cp log (<- 1/2ecp) as integrand in (3.3). 
In Subcase (ii), again collision invariants must be isotropic and take the same value on each 
equivalence class, but there are now infinitely many distinct equivalence classes. The space of 
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collision invariants is infinite dimensional, and invariants are completely defined in [0, +co) x S2 
by an arbitrary smooth function $0 : [O,p) + IR, via the requirement 
@(< + kP> 02) = tiO(<)> k=O,l,..., < E [O,P), 0 E S2. (3.5) 
We have consequently the family of continuity equations 
(3.6) 
involving the partial densities 
PE(x>~) = F J cp(x,<+kp,fl,t)da@ J 
P 
pc dJ = n. (3.7) 
k=O 0 
The same steps as before lead to identifying collision equilibria as those distributions QY for which 
E- i/“eEp(<, St) is a collision invariant. Therefore, [4], equilibria are Maxwellians modulated by 
an arbitrary function which repeats itself on each interval of amplitude p, 
vnr(E + b, Q2) = & PC (T)‘/2e-kp [g (y)1’2e-b-‘, p4 
with k = 0, 1, . . . , V( E [0, p), where the function [ + pi, < E [O,p) is arbitrary. The discrete 
(with respect to <) version of the functional (3.3) allows us to prove an H-theorem, as was done 
in the semiconductor frame by Majorana [7]. 
The two different situations above imply different diffusive regimes in collision dominated 
situations. An indication of the result of the limit E + 0 is presented here heuristically in 
terms of a standard Chapman-Enskog first-order expansion [l], leaving rigorous work to future 
investigation, and assuming for simplicity, isotropic cross sections. 
The unknown 9 is expanded in asymptotic series cp = zr=och’ph, but the hydrodynamic 
quantity, the density n, is left unexpanded, so that cpa integrates to n whereas all ph with h > 0 
integrate to 0. 
The first equation of the hierarchy is J[cpe] = 0, and then 90 is a collision equilibrium, uniquely 
determined in Subcase (i) as the Maxwellian (3.2). Entering this result into the conservation 
equation (3.1), and confining ourselves to O(E) terms yields 
al,, 
3t + cg .
J 
<1'2jl(x,<,t)d< = 0, jh = 
J 
flph d2C h-1,2,.... (3.9) 
Integrating (2.4) with respect to 0 E S2 after multiplication by 52, and retaining O(1) terms 
only, leads after simple algebra to 
(3.10) 
Easy manipulations reduce the left-hand side of (3.10) to 2/(3&j2 )Ee-’ 2. In the right-hand 
side, gain terms in J[(F~] cancel out, and only the loss term 
is left. Therefore, ji, the only quantity actually needed in (3.9), can be determined directly (no 
need of the full integro-difference equation for (pr in the next step in the hierarchy) as 
2te-t dn - 
J1 = -3n’k4(J) dx’ 
(3.11) 
34 M. 
There results, as expected, the classical 
with diffusion coefficient 
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diffusion equation for n, 
D(x) = 
2E 
.I’ 37ri/%i(X) (J 
(3.12) 
(3.13) 
In Subcase (ii), evolution takes place on the different equivalence classes independently from 
each other, and in each class, the quantity conserved under scattering is pe, 0 5 < < p. Manipu- 
lations similar to the previous ones lead to expressing ji(< + Icp), < E [O,p), k- = 0, 1, . , in terms 
of 2. In conclusion, we now obtain a one-parameter family of diffusion equations, one for each 
equivalence class, of the type 
with diffusion coefficients 
D<(x) = 
f 9 (6 + /qp-“p 
3fii(X) 5 ([ + Ip)‘l”e-lP k=O L(C) ’ 
l=O 
(3.14) 
(3.15) 
where LA.(<) is given by 
E + (%I + k)P 
E + kP 
This result reproduces the conclusions of [2] in the particular case N = 2. It has to be stressed, 
however, that it applies only to a quite special situation whenever N > 2. 
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